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Dynamie Response of Viscous-Damped

Multi-Shaft Jet Engines

David H. Hibner*
Pratt & Whitney Aircraft Division, United Aircraft Corporation, East Hartford, Conn.

Rotor synchronous vibration experienced on multi-shaft aircraft engines results directly from
rotor imbalance exciting the numerous critical speeds inherent in light-weight, high-speed modern
powerplants. The understanding and reduction of this dynamic response is essential during engine
design and development phases. This paper presents an efficient analytical technique capable of
predicting the vibratory response of an engine with nonlinear viscous damping. A unique transfer-
matrix method is applied to the idealized equivalent engine system to produce an unusually small
array of influence coefficients. The damper equations for a closed-end viscous damper are derived
from the basic Reynolds equation. The analysis is applied to a two-shaft aircraft engine to illustrate
the basic concepts of multi-shaft critical speeds and nonlinear viscous-damped response.
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Nomenclature
c = damper radial clearance
e = damper eccentricity
g = gravitational constant
h = damper film thickness
k, = shear stiffness shape factor

= length of beam element

= mass

= time

= imbalance
v, z = rectangular coordinates

= area
= influence coefficients
damping coefficient
damper journal diameter
elastic modulus
shear modulus
area moment of inertia
(Ip ~Ir)g
polar moment of inertia
transverse moment of inertia
stiffness
length of damper journal
= beam moment components
moment resulting from imbalance force
damper oil film pressure
state variables (shear moment, slope, deflection)
state variables resulting from imbalance force
damper journal radius
= Sommerfeld number
torsional stiffness
moment imbalance
beam shear components
beam shear components resulting from imbalance forces
imbalance in y-plane
imbalance in z-plane
Y, Z = Dbeam deflection components
@ = influence coefficients

= boundary condition coefficients

¢ =¢/c (damper attitude)
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= phase angle of applied moment imbalance

= angle from line of centers, viscous damper

= beam slope components

= oil viscosity

mass/unit length

phase angle of applied force imbalance

viscous damper phase angle

inner journal spin speed

outer journal spin speed

spin speed

= whirl speed

= starred state variables represent values on left of mass-
less beam

Subscripts
n

= mass stations
line
span
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Introduction

THE importance of rotor dynamic technology has in-
creased significantly during the past five years, and today
this technology impacts the gas-turbine engine bearing
configuration, the development program, certification re-
quirements, and manufacturing and assembly procedures.
A definition of the engine critical speeds and steady-state
response to inherent rotor imbalance is required to allow
the engineer to optimize the rotor and case structure for
minimum weight and sensitivity to imbalance. The com-
plex vibration response which results from a multishaft,
high-speed, lightweight engine structure must be con-
veyed to the design engineer in a manner that allows easy
manipulation of the design variables in order to produce
the best structure with current technology.

The technical literature contains numerous rotating-
machinery forced-response analyses which are extensions
of the general theory of transfer matrix methods for
transverse vibration as originally presented by Myklestad?!
and Prohl.2 Prohl applied classical beam theory to rotat-
ing shafts and calculated the simply supported natural
frequencies (critical speeds) considering symmetric, flexi-
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ble bearings, and the gyroscopic moments for forward syn-
chronous whirl. Green?® extended the concept of gyroscopic
moments to account for both forward and backward whirl
of single- and multiple-disk rotors and Yamamoto? pre-
sented both analytical and experimental evidence of back-
ward whirl in rotor-bearing systems. Major extensions of
the original works of Myklestad and Prohl did not appear
in the literature until the early 1960’s when Koenig? pre-
sented a method whereby both natural frequencies and
response to imbalance of flexibly mounted rotors could be
calculated. The major limitation was the single-plane
analysis which prevented a rigorous treatment of bearing
damping. Tang and Trumpler® extended Koenig’s work to
allow rotor deflections in a space curve and could thereby
properly account for bearing damping in forced-response
calculations. This extension, however, required the trans-
fer matrix to be expressed in complex notation. The major
significance of the work was the solution of the forced re-
sponse of the entire rotor span with only a 2 by 2 complex
matrix of influence coefficients which related initial slope
and deflection of the span to the moment and shear at the
final mass station.

Consideration was given to a technique whereby the in-
fluence of nonlinear journal bearings could be accounted
for by an iterative procedure. Lund7-8 extended the theory
of forced response calculations to account for asymmetric
bearing characteristics. The equations presented in Ref. 8
accounted for continuous mass properties of the shaft but
it was noted that no appreciable loss of accuracy occurred
when a sufficient number of lumped mass stations were
considered. The literature concerning rotating-equipment
vibration has predominantly treated the problems of sin-
gle-rotor systems or systems having axial couplings
(Lemke?). The effects of the case structure or any other
rotating member have received very little attention. Sev-
ick1? presented the analysis of a multiple-connected struc-
ture which was solved by the span approach. This method
of solution is, in general, very inefficient because of the
large matrix which must be manipulated. A paper by
Bohm1! improved upon the solution procedure for multi-
ple-rotor systems but the equations presented did not
properly account for general gyroscopic moment present in
dual-rotor gas turbine engines. In addition, shear flexibili-
ty and nonlinear fluid-film dampers were not considered.
Presented herein is an analytical technique which builds
on and extends the synchronous vibration response analy-
ses reported in the literature to a level where accurate
total response of multi-shaft gas turbine engines with both
linear and nonlinear damping can be predicted.

General Description of Analysis

The typical gas turbine engine requires a complex anal-
ysis to accurately predict response from rotor imbalance
throughout the entire engine power range. This paper con-
siders an engine with two shafts typically denoted as the
low rotor and the high rotor. These two rotors consist of
compressor and turbine stages which are connected by
flexible shafting. They have a minimum of two roll-
ing-contact bearings each of which is mounted to the case
structure through bearing-support structures and may in-
corporate an intershaft bearing to provide support for one
rotor from the other. The two rotors are aerodynamically
coupled and have a complex low/high speed relationship.
In order to achieve a thorough understanding of the analy-
sis of multi-shaft viscous-damped engines a brief discus-
sion of the capabilities, considerations, assumptions, and
provisions in the analysis will be presented.

The vibratory amplitude measured on gas-turbine en-
gines is described as either low-rotor frequency or high-ro-
tor frequency. Low-rotor frequency response results from
imbalance in the low rotor as engine resonant frequencies
are traversed. Similarly, high-rotor frequency response re-
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CASE STRUCTURE
Fig.1 Two-shaft engine.

sults from imbalance in the high rotor. In order to define
the nature of the critical speeds or the peak response
speeds, those which are excited by low-rotor imbalance
throughout the low-rotor speed range are designated as
low-rotor excited (LRX), and those associated with the hi-
gh-rotor are designated as high-rotor excited (HRX).
Since the two rotors each have different speeds at a given
power setting, a separate critical-speed analysis and forced
response analysis is necessary for the frequency range of
each rotor. The speed of the other rotor must be defined
to account for its gyroscopic effects. Thus, the dynamic
response analysis properly treats the spin and whirl
speeds of each rotor and defines the LRX and HRX criti-
cal speeds and response to imbalance.

The forced-response analysis of a complete two-rotor
engine with nonlinear damping requires a unique ap-
proach to the typical transfer matrix method for calculat-
ing the response along and between the rotor and case
structure of an engine. For a system similar to that shown
in Fig. 1 a brute-force approach to define the shear, mo-
ment, slope, and deflection within each beam could re-
quire 120 variables (8 variables/beam). This many simul-
taneous equations can be handled on a large computer but
there is quite often a loss of accuracy. In addition, a con-
siderable amount of computer time is required. The anal-
ysis in this paper will present a method which can fully
define the response of the engine in Fig. 1 with only 16 si-
multaneous equations. Thus, matrix manipulation which
is necessary in the transfer matrix method is greatly sim-
plified. Simply stated, only two variables, deflection and
slope, are needed for each line (the array of axially con-
nected beams) when the transfer matrix is established. In
practice, the influence coefficients across the entire line
are developed by considering the boundary conditions and
compatibility equations at the junction of all beams and
at the interconnection of all lines via springs and damp-
ers. By expressing the resulting moment and shear at the
right-hand side of each line in terms of unit slopes and
deflections at the left end of each line via influence coeffi-
cients, the inversion of this matrix of influence coeffi-
cients fully defines the deflection and slope of each line in
terms of moment and shear at the right-hand ends. For a
critical-speed analysis, the search for a speed causing the
determinant to go to zero is all that is required. For forced
response analysis, the right-hand end moments and
shears for applied imbalances are calculated, the deflec-
tion and slope on the left-hand side are therefore known,
and by standard transfer techniques the mode shape in all
variables is fully defined.

Analysis—Method of Solution

The application of the transfer matrix method to fully
characterize the vibratory response of a complex gas tur-
bine engine must begin with the calculation of the influ-
ence coefficients «;; for each span of the idealized equiva-
lent engine system. Spans are defined as the entire beam
between any inter-connecting springs or dampers or any
springs or dampers which connect to ground. In the ideal-
ized engine diagram (Fig. 2), it is seen that the engine
comprises 15 spans distributed through 4 lines. The shear,
moment, slope, and deflection within each beam are de-
fined in terms of speed, mass inertia, bending flexibility,
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Fig.2 Two-shaftengine diagram indicating spans and lines.

shear flexibility, length, and load, and are calculated
across each mass and massless elastic beam section by a
finite difference method which produces 16 influence coef-
ficients. The equations to produce these influence coeffi-
cients are derived in Appendix A from the Timoshenko
beam equations for a radially symmetric beam element,
and fully determine the four state-variables (shear, mo-
ment, slope and deflection) at the right end of each span
in terms of unit shear, moment, slope, and deflection ap-
plied on the left end [Eq. (1)]. The coefficients are calcu-
lated for each span.

Q =

iRIGHT aiijLEFT (1)
In addition to the span influence coefficients, the bounda-
ry conditions and the compatibility equations at the ends
and junctions of all spans must be defined in terms of the
state-variables and the spring and damping constants. For
each span, Eq. (2) is required to define the boundary con-
ditions and compatibility.

Qirgrr = PisQprgar (2)

A compact set of equations can be obtained if the state-
variables can be defined across the entire line. By accom-
plishing this in terms of only two variables (slope and de-
flection) on the left ends of each line to define the mo-
ment and shear on the right end of each line, a relatively
small matrix can be written to produce a) the characteris-
tic determinant required for critical speed and b) the non-
homogeneous equations required for forced response. To
perform this feat, an intermediary matrix of coefficients
@;i" is calculated from the influence coefficients «;; and
the boundary condition coefficients 8;;. The matrix «;;’
defines the state-variables at the left end of each span in
terms of unit slopes and deflections applied on the left
ends of each line [Eq. (3)]. The matrix is obtained by a
systematic calculation which prevents unknowns, which
result at the span junctions, from occurring in the equa-
tions; i.e., all lines must be systematically traversed so
that when the variables at the left end of each span are
defined they are defined only in terms of line left end
slopes and deflections.

€y 6,
. Y,
= | oy 3
. 0y,
QN SPAN YL LINE
LEFT LEFT

To complete the influence coefficient definition across the
entire line, the last span of each line and the line right-
hand boundary conditions together with specific «;;’ pro-
duce influence coefficients «;;"* which define the line right
variables in terms of the line left-end slopes and deflec-
tions [Eq. (4)].

Q] 01
. Y,
= a“-” : (4)
91}
QL LINE YL LINE
RIGHT LEFT

Since the slope and deflection on the right end can be de-

DYNAMIC RESPONSE OF MULTI-SHAFT JET ENGINES 307

fined in terms of the moment and shear, only these vari-
ables are retained and the resulting equations reduce to
Eq. (5).

M, 5,
=4l : (5)
ML GL
UL LINE YL LINE
RIGHT LEFT

This matrix A;; fully defines the characteristics of the en-
tire engine in terms of speed. The matrix size is only two
times the number of lines for a critical speed analysis and
twice that size for a damped forced-response analysis.

Since the moment and shear at the line right end must
be zero to satisfy the boundary conditions, iteration on
speed to determine |A;;] = 0 produces the natural
frequencies of the engine. Assuming unit displacement or
slope on a line left end provides a set of determinate
equations which through back substitution define the
slope and deflection of all line left ends. A complete, but
systematic, pass through the spans using the influence
coefficients and the boundary coefficients and compatibil-
ity equations produces the four state variables and thus
the mode shape.

To calculate the response due to rotating imbalance,
the influence coefficients «;; are obtained as shown above
but the boundary conditions and compatibility equations
are calculated considering linear damping elements at
span ends where required. The «;;” matrix is calculated
for two perpendicular planes [Eq. (6)]. Additional terms
due to specific moment and shear imbalance are calculat-
ed by applying zero initial conditions on the left ends of
all lines. The «,;"* matrix is built as before and the final
series of equations are shown in Eq. (7).

Q1 ] 61 r—Q’1
) v, .
= ai]', . + ¢ (6)
. g,
@y J span L JLY,  drins L Q'y
LEFT LEFT
M, T e, £
U Y v
! =4, + M
ML J éL M’L
Ug § LINE L Y, 1o LU
RIGHT LEFT

To satisfy the boundary conditions, the moment and shear
at the line right ends must be zero. Since moments and
shears due to imbalance are known, the slopes and deflec-
tions on the line left ends to satisfy the boundary condi-
tions are calculated as shown in Eq. (8).

als] [4]- o
WLl [l T
[51=- [ T4

A complete but systematic pass through the spans and the
@;;” equations produces a complete forced-response mode
shape in the variables, shear, moment, slope, and deflec-
tion in two perpendicular planes. Specific span, spring,
and damper energies are calculated as shown in Appendix
C.

The response of an engine with nonlinear viscous damp-
ers (a fluid-filled annulus surrounding a bearing as shown
in Fig. 3) is obtained with the above linear, damped forced
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Fig.3 Nonlinear viscous damper cross section.
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Fig.4 Forced response analysis iteration scheme for nonlin-
ear viscous damper.

response analysis by simultaneously satisfying the hy-

drodynamic damper equations derived in Appendix D.
uQLD? cos¢o 9
475C7¢ ©

B — uwLD? sing
T T 41SC%e

K =

Equation (9) provides the total load generated by a whirl-
ing shaft in terms of two variables, K and B, in line with
and perpendicular to the shaft deflection. These variables
are nonlinearly dependent upon the damper eccentricity
(e) since the Sommerfeld number S and phase angle ¢ are
also functions of eccentricity.l2 To obtain the response of
a viscous-damped engine, an iterative procedure is re-
quired at each speed where values of stiffness and damp-
ing produce a specific eccentricity at the damper location
that must simultaneously satisfy Eq. (9) (see Fig. 4). A
solution at all speeds provides the nonlinear vis-
cous-damped response via a linear analysis.

Application of the Analysis

Insight into the natural frequencies of a multi-shaft jet
engine with high-inertia discs (fan and turbine wheels)
can be obtained by applying the analysis to a two-shaft rig
with inter-connected flexible rotors and flexible supports
to ground as shown in Fig. 5. The speed ranges of the low
and high rotors are, respectively, 4000 and 8000 rpm. An
analysis of the system has been performed to obtain all
natural frequencies of the shafts both co-rotating and
counter-rotating within their speed ranges. Figure 6 dis-
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LOW-SPEED ROTOR HIGH-SPEED ROTOR

Fig.5 Two-shaft rig schematic.
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Fig.6 Natural-frequency map for two-shaft rig.

plays the forward and backward high-rotor excited natural
frequencies for any speed of the low rotor within its limits
in a manner similar to the Yamamoto* frequency plot.
The ordinate for Fig. 6 is the spin and whirl speed for the
exciting rotor; the positive coordinate being forward or
positive whirl with respect to spin while the negative coor-
dinate denotes backward or negative whirl with respect to
the spin direction. The abscissa is the spin speed of the
other rotor. The four quadrants of this ‘““map” represent
four distinct sets of natural frequencies; all either forward
or backward synchronous with respect to the exciting
rotor. The upper-right quadrant is the most common set
for the two-spool gas turbine engine and is labeled forward
synchronous corotating. These natural frequencies are ro-
tor-imbalance-excited critical speeds and are determined
for a specific low/high rotor speed relationship line, a-a’.
A shift in this speed relationship can drastically change
the critical speeds as is shown by line b-b’ in Fig. 6; criti-
cal speeds and associated mode shapes of these two speed
relationships are shown in Fig. 7. The upper-left quadrant
is also labeled forward synchronous, but is for a counter-
rotating shaft system. This set of natural frequencies is
considerably different than the co-rotating set because of
the gyroscopic inertia effects which result from the other
rotor spinning in a direction opposite to the whirl speed.
The lower quadrants represent backward synchronous co-
rotating and counter-rotating natural frequencies which
are normally excited by nonlinearities in the system.

Construction of the LRX and HRX natural-frequency
maps requires a large number of calculations but they
provide a great deal of insight into the dynamical system.
For the rig system shown, the HRX natural frequencies
are dramatically affected by the spin speed of the low
rotor. This is quite common since the largest (and highest
inertia) disks are usually on the low rotor. The calculation
of the information required for the complete map is usual-
ly not done, nor is it necessary since an equation repre-
senting the speed of one rotor with respect to the other
can be included in the analysis directly. Specifically, dur-
ing the calculation of the influence coefficients the actual
spin (w) and whirl (Q) speeds are incorporated directly
into the terms containing inertia; for example, in the mo-
ment equation
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Fig.7 'Two-shaft rig critical-speed mode shapes; figs. a-d
represent mode shapes on speed line a-a’ in Fig. 6;
figs. e-h represent mode shapes on speed line b-b’.

M:...+(%ﬂ—l)mm+... (10)

Thus, the low-rotor-excited and high-rotor-excited gas
turbine engine critical speeds are calculated directly by
specifying the rotor speed relationships.

Understanding of the forced-response analysis can be
obtained by analyzing a two-shaft gas-turbine engine (Fig.
1) usually described as four inter-connected beams (lines)
which represent two shafts and two cases (Fig. 2). The en-
gine being analyzed has two viscous dampers, one on each
shaft, and includes linear damping at other locations.
Bearing, bearing support, and mount springrates are in-
cluded in the analysis as well as the bending and shear
stiffnesses of both shafts and cases. The total system con-
sists of 312 masses, each with an associated polar moment
of inertia. The rotor-speed relationships are included to
provide the low and high rotor synchronous response to ro-
tating imbalance. A number of imbalances are included
on each rotor to approximate the largest imbalance ex-
pected in a large quantity of production engines. Typical
amplitude response vs speed is shown in Fig. 8 for a point
on the outer case. Both the low and high rotor excited re-
sponse amplitudes are shown for the engine with and
without the viscous dampers. A significant reduction for

2—

—— WITHOUT VISCOUS DAMPERS
= ==-WITH VISCOUS DAMPERS

CASE DEFLECTION, (INCH X 10%)

[ U R S |
7 8 8 10 11 12

ROTOR SPEED, (RPM X 10-3)

Fig.8 Calculated response of two-shaft engine.
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Table 1 Energy distribution

Iinergy

dissipated

Kinetic energy  Strain energy per cycle
(in.-1b) (in.-lb) (in.-1h)

0.0347 (49.29,) 0.0139 (26.9%)
0.0207 (29.49,) 0.0130 (25.09)
0.0144 (20.4,) 0.0051 (9.7%)
0.0007 (1.09,) 0 09%)

Low rotor
High rotor
Outer case
Inner case

Springs 0.0199 (38.4%)
Linear

dampers 0.0882 (36.7%)
Viscous

dampers

0.1522 (63.3%)

all critical speeds is apparent. The plot is similar to the
filtered vibratory amplitude obtained during an engine
test run in production or experimental test facilities.

Of particular importance to the design engineer is the
kinetic and potential energy distribution at specific peak
response speeds. These are shown in Table 1 and provide
insight into the nature of the resonance so changes can be
made to reduce the vibratory response, bearing loads, or
rotor deflections. In addition, the three-dimensional mode
shapes shown via two planes (Fig. 9) provide the relation-
ship of the rotors and cases of the engine at specific re-
sponse speeds. Collectively, this form of output provides
the design engineer with sufficient analytical data to iter-
ate upon the many variables within the engine to meet
the design guidelines for an insensitive, lightweight en-
gine.

Conclusions

It is essential to design aircraft powerplants with a rig-
orous dynamic response analysis. The entire engine struc-
ture must be analyzed in more detail than was originally
thought possible to provide all engine critical speeds and
response to imbalance. The knowledge of engine charac-
teristics during the design and early development phases
may prevent rotor dynamics problems that could seriously
hinder development and service use. The two-plane multi-
mass, multi-span forced response analysis presented
herein is fully capable of predicting the response from im-
balance of multi-shaft gas turbine engines. A unigque
transfer matrix method approach reduces the problem to
only 16 simultaneous equations. The nonlinear damping
elements (viscous dampers) commonly found in gas tur-
bine engines to control vibration are incorporated directly
into the analysis. This comprehensive analysis makes pos-
sible accurate steady-state response predictions of com-
plex multi-shaft gas turbine engines.

X-Z PLANE DEFLECTION

HIGH SHAFT

LOW SHAFT

X-Y PLANE DEFLECTION

LENGTH

Fig.9 Two-plane mode shape of two-shaft engine at 3200 rpm
(low-rotor speed).
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Appendix A: Transfer Matrix Influence Coefficient
Analysis

The equations used to calculate the beam influence
coefficients are derived in this Appendix. The general
beam equations for a rotating shaft may be written as fol-
lows where the shaft properties are expressed per unit
length .8

LR (kE . T) 2ty 8y kylpdly
ey AG 92012 E AG »/f
3z wrlk, 83z WLk, 32Uy
— ) hd 1 — 2 T
hawsr T AG aE - OW Y a5 e
WLk, 80Uz  W’Elk, 8°Uy (A1)
AG ot AG  ox?
8z k,E IT) 9z a y | kol 8z
Elgx — VI(AG Y o) Y Ve Y ac o
o'y wulk, 3%y kI 02Uz
ol g T 4G P - Y UE Y TAG e
_ WLk 3Uy  W'EIR, 38Uz (A2)
AG ot AG  ox?

These equations are expressed in terms of the coordinate
system shown in Fig. 10 for the x-y and x-z planes. The
equations include the effect of rotary inertia, shear defor-
mation, rotor spin effects, and an axial distribution of im-
balance specified by (U,, U;). While it is possible to ob-
tain solutions to these equations, it has been shown?® that
an approximate solution technique using lumped parame-
ters can yield satisfactory results. Equations (Al) and
(A2) may thus be significantly reduced by assuming the
beam element to be massless. Hence, the beam equations
reduce to Eq. (A3).

84
Elg’l -0

: (A3)
2z g

axt —

In terms of simple beam theory, including the effects of
transverse shear deformation, the equation may be ex-
pressed as follows-in x-y plane. Similar equations may be
written for the x-z plane.

) o

9 AG (ay _
Bx I:E[_ :I kt ox

) BT

M = EI(56/8x)
V = (AG/R)[6 — (8y/0x)]

Referring to Fig. 10, the equation relating shear, moment,
slope, and deflection at station n to the starred parame-
ters at station n may be expressed considering Eq. (A4).
These resulting transfer equations are as follows:

U, = UX

n

M, = M* + Uy,

f \Mn Bg, Bs, Mn / YNy Bg,Bs, M

| == || | —

—

4 rV TV
Un-1 Up Vn-1 " "
(m, Ty, I}y (m, Ip, Ty
- X X
X-Y PLANE X-Z PLANE

Fig. 10 Sign convention used in forced-response and critical-
speed analyses.
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Similar expressions are valid for the x-z plane. The
beam mass and gyroscopic properties are considered to be
acting at the lumped mass station. The dynamic equa-
tions relating the shear and moment across the nth mass
station are expressed in Eq. (A6).

2
U* = U, — m, ddjég'i + u,w? cos(wt + @)

’
VE =V, — m, %gﬂ + u,w? sin(wt + ¢,)

a0 dy, (46)
MY = M,y + I—tt + wl,—pl
— T,0* cos(wt + 1,
da? df ) .
N¥* =N,, + I d)t/g-l - wl, d;'i + T,w? sin(wt + 7,)

Considering circular synchronous motion at the frequency
Q, and introducing the notation 8g, = 1,/(EDn, Bsn =
k:1,/(AG),, the equation relating the shear, moment,
slope, and deflection at station n + 1 in the terms of their
values at the nth station may be expressed by the following
transfer equation:

O, = U, + m9%,; + u,Q% coso,

n

V, =V, + m,Q2Z,_ + u,Q° sing,

M, =M_ + Ul + [?Qﬁ - 1}921@,"9,,_1 - T,9° cosn,
29 2, T, + T, si

N, =N, + v,I, + o 18 [gn a1 " sin7,

an = 9n-1 + BBnl:Mn - % Zn] (A7)

V

1—‘rz = 1-‘71-1 + ‘BBn I:Nn - _27711"}
BBnln

Y, = Y,y + 0,40, + TBMH - ou,l,] - g, U,
B L

Z,=12,,+ T, 1 + —("3[3Nn - 2v,,] - BV,

These equations may be applied to each span to calculate
the influence matrix «;; and the column vector which ex-
presses the influence of imbalance and moment loading
along the span. They express the steady state response
projection of the rotor system in the x-y and x-z planes at
the reference time wt = 0. More elaborate beam elements
may be considered by expressing the beam characteristics
in terms of 8z and S5.

Appendix B: Boundary Conditions and Compatibility
Equations

The success of a dynamic-response analysis lies in the
ease of operation for the design engineer. The description
and formulation of the boundary conditions and compati-
bility equations for any equivalent engine system must be
fully automated. To clarify these equations plus illustrate
the unique line system influence coefficient approach, an
example of a typical multi-line system follows.

For the two-line, multi-span system shown in Fig. 11,
influence coefficients «,; are calculated for each span as
shown in Appendix A. In order to produce influence coef-
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coefficient calculation, by
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ficients, «;;’, across the entire line, transfer matrices at
the junctions of spans are required. To transfer from the
right side of span 1 to the left side of span 3, the four
state variables at the right side of span 1 and 2 are as-
sumed known. The matrix is constructed by standard
boundary condition and compatibility equations in terms
of the spring constants. Span 1 and span 3 transfer is
shown in Eq. (B1).

100KO0O0 0 -K|[e
o lo17000-7 o0
3 1001000 0 O
LEFT 000100 0 0 L@, trigur
[Q,
= R (B
L9

Similarly, the transfer from span 2 to span 4 is shown in
Eq. (B2).

0 00 K10 0 K + K
0 loo-rootr T+ 0
4 “10 00 0 00 1 0
cerr LOOO 000 0 1
@ Q
X =1|S (B2)
@, lricur QyJrIGHT

Since the influence coefficients, «;;, for spans 1 and 2 are
known, the variables at the right ends of spans 1 and 2
can be expressed in terms of the left end variables in a
single matrix Eq. (B3).

IR CEER M
[QZ RIGHT 0 "} ij2 QZ LEFT ( 3)

By substituting Eq. (B3) into Egs. (B1) and (B2), Eqgs.
(B4) and (B5) are obtained.

S
a;40 0 Q V.
. = [R fiji ___;H: 1j| __[ari.] 1
@uluser = (RS2 |[&]  =lerl| 3
Y2 lvine
LEFT
(B4)
S
L0 Q 7
(6 FOFE|
RN
@uumrs = ()] %52 [ 8] =lori
O,
Y2 _JLINE
LEFT
(B5)

Since the variables V and M at the left side of all lines are
either zero or defined in terms of slope and deflection, the
four variables at the left of spans 3 and 4 can be written
in terms of slope and deflection via the «;;” matrix. This
approach is continued across all lines, through each span
until ultimately the variables at the right side of each line
are expressed in terms of the slope and deflection at the
left ends of all lines. Thus, a compact and small matrix

DYNAMIC RESPONSE OF MULTI-SHAFT JET ENGINES 311

Ai;, Eq. (5), is generated to provide critical speeds and
forced response for a multi-shaft gas turbine engine.

Appendix C: Energy Equations

The kinetic energy of each inertial mass is defined by
Eq. (C1).

1 mO? I w?

KE = = (Y2 + Z2) + &
2 g g
EAL 2 2
T g Rw - @) (8* + I') (CD

The bending and shear strain energies within each beam
element are defined in Egs. (C2) and (C3).

SEggyp = (I/6ED (M*? + M*M + M? + N*?
+ N*N + N%  (C2)
SEupar = K 1/2AG) (U? + VY (C3)

The strain energy in the radial and torsional springs is de-
fined in Eq. (C4).

SE = (1/2) [K(Y? + Z% + T(®% + T] (€4

The energy dissipated per cycle by a damper is shown in
Ea. (C5).

E, = 21QB(Y? + Z%) (C5)

Appendix D: Viscous Damper Stiffness and Damping
Analysis

The viscous damper analysis used in conjunction with
the linear forced response analysis is a modification of the
original Sommerfeld solution of the plain journal bearing
by Pinkus and Sternlicht.l2 This original work by Som-
merfeld consisted of solving the Reynolds equation for the
case of fluid within circular eylinders of infinite length (no
end leakage) and a complete 27 film. The 27 film can be
shown analytically to have no radial restoring force and
hence no stable steady-state solution. Pinkus and Stern-
licht’s modification forces the pressure and pressure gradi-
ent to zero at some angle #. All negative pressures are set
to zero. The Reynolds equation, Eq. (D1), relates the cir-
cumferential pressure profile and the spin and whirl ve-
locity within infinitely long cylinders.

19 ( K oap

6R* 80 \ u 90

For a viscous damper with nonrotating inner and outer

cylinders and circular whirl is the only form of motion:

ie., w1 = wg = 0 and dh/dt = 0, Eq. (D1) reduces to Eq.
(D2).

ah ah
>I (wl + wz — 29)8—6 + z—ﬁ (Dl)

9 (1 8P> ah
u 8o

— = — 2 —_—
50 12R°Q Y (D2)

This differential equation is a particular form of the
Reynolds equation directly applicable to the viscous
damper. It relates the pressure distribution within the
damper to the whirl speed. The step-by-step detailed so-
lution to this equation is developed in Ref. 12. The final
solution with the boundary conditions [Eq. (D3)] applied
is shown in Eq. (D4).

P=0@806 =0
dP/d6 = 0@ 6 = 0, (D3)
P=0@ o = 9,
_ 12uR%Q _{ B .
P—W ] € sin ¥

(2 + Yy — 4esiny + € ginPcos P
2(1 - € cos P

} {D4)
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where
cosy = [(e + cost)/(1 + € cosd)]

Yg corresponds to flg and is related to ¢ by Eq. (D5).
e(sin &' cos P’ — P + 2(Phy cos Py — singy’) = 0
(DY)
where

Pt =y — T

The stiffness (K) and damping (B) coefficients are defined
as the forces opposing the components of the pressures
load W, i.e.,

27
Ke = Wcos ¢ = f LRP cos 6d6
' 2r (DG)
BeQ = Wsin¢ = [ LRP sin 6d6
0

Upon substituting for P and integrating in terms of the
variable ¥ from 0 to o, Eq. (D7) and (D8) are obtained.

R\ 9
—6uRQLe < (1 + cos 3,
(1 — €d(1 + € cos ¥,

R 2
12;1RQL<E> (Py cos ¥p" — sin ¢y

(1 — D71 + € cos ¥,
6 LRQL(R/C)? [62(1 + cos P,)*
(1 - 3”1 + € cos ¥, 1 — €

+ 4(d, cos ¥, — sin zpo')ﬂ (D8)

Weos 6 = DN

Wsin 8 =

W =

2(1 — e)V%(sin ¥y — P, cos P,")
€(l + cos ¢,")?

tang = —

The Sommerfeld number S is defined in terms of load P
in Eq. (D9) and (D10).

_ (R
S = P <C (D9)
w Q

Upon substituting Eq. (D10) into Eq. (D9), a viscous
damper Sommerfeld number is defined [Eq. (D11)] for a
specific damper load W.

J. AIRCRAFT

_ uQLD?
Svp = 8rWC? (D11)
By solving Eq. (D11) for the damper load W and substi-
tuting into Eq. (D6) the component damper forces are ob-
tained [Eq. (D12)].

K = W COS¢ (DIZ)
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